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Preface
1. Cardinal Arithmetic is 120 years old. Its birth ended in 1895 with Cantor’s publication of his Beitra¨ge zur
Begrundung der transfiniten Mengenlehre in which Cantor concluded his set-theoretic investigations, which began
with his paper on transcendental numbers in 1874 and continued through the development of ordertypes, ordinals,
infinite cardinals and their arithmetic. Cantor can now write about his former proof that R and Rℵ0 are equinumerous:
“Thus the whole contents of my paper in Crelle’s Journal vol. lxxxiv, 1878 are derived purely algebraically with
these few strokes of a pen from the fundamental formulae of the calculation with cardinal numbers”.
Cantor had truly high hopes for his theory of transfinite ordertypes, as he expresses shortly before publication of
his Baitra¨ge in a letter to Sophie Kovalewski, ordertypes
“. . . through which a lot of new light will be shed on old and new problems in arithmetic and cosmology”.
Although Mittag–Leffler felt at the time that this theory came “100 years too soon”, Cantor expected that its
applications would come much sooner — just after he would prove the Continuum Hypothesis.
Cardinal Arithmetic is a young discipline, when compared to Number Theory. It had gone through a major identity
crisis when Cohen proved the independence of the Continuum Hypothesis over ZFC, and sank deeper into this crisis
after Easton’s discovery that practically no rules governed regular cardinals exponentiation. At that time it seemed
that Cardinal Arithmetic was eaten to the core by the independence phenomenon and was completely detached from
the rest of mathematics.
Aided by a wealth of techniques, interesting applications and new theories, Cardinal Arithmetic is now recovering
from this crisis. The methods for establishing independence results have been, and continue to be, perfected, and are
now used to study, apart from Cardinal Arithmetic itself, a steadily growing and impressive variety of mathematical
objects via their cardinal characteristics; Singular cardinal arithmetic began a new life after Silver’s and Galvin–
Hajnal’s ZFC theorems and has developed considerably after Shelah’s discovery of PCF theory, in a way which
indicated that many cardinal arithmetical results were waiting to be discovered in ZFC. In particular, Go¨del’s V = L
axiom is now seen to have many “verifiable consequences”, to use Go¨del’s own terminology, in ZFC; Woodin’s work
has made large cardinals and determinacy play a central role in cardinal arithmetic and cardinal characteristics of the
continuum, and drives forward the theory of effective cardinals; and the list goes on.
Although not yet quite where Cantor envisaged Cardinal Arithmetic to be, and certainly not as soon as Cantor
expected it to happen, Cardinal Arithmetic is moving forward to establish itself as a central and vital branch of
modern mathematics.
2. Cardinal Arithmetic was the subject of the 8th Midrasha Mathematicae mathematics workshop, held at the Institute
for Advanced Studies in Jerusalem in March 2004. Over 50 students from 11 countries have attended – and sometimes
presented – talks on all aspects of cardinal arithmetic. The institute’s wonderful facilities and the enthusiasm of the
participants created a certain magical atmosphere, some of which, I hope, remains in the lecture videos, the lecture
notes and the photo galley, available online at http://www.as.huji.ac.il/schools/math8/.
I am certain that the directions in which cardinal arithmetical research will progress are adequately reflected in the
collection of research articles presented in this volume, based on the workshop. All articles in this issue have been
refereed according to the high standards of the Annals of Pure and Applied Logic. Major contributions by the world’s
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leading set theorists together with debuts of fresh Ph.Ds make this special issue an up-to-date account of a vital and
dynamic research discipline, entering a new century of discoveries.
3. Four of the articles in this issue deal with cardinal characteristics of the continuum. Farah and Zapletal contribute
to the third-generation of forcing theory of the continuum by introducing four classes of definable and proper forcing
notions, developing an iteration theory for them, and proving – sometimes with the aid of determinacy – dichotomy
theorems for them.
Geschke introduces in his article a dual axiom to OCA[ARS], the Abraham–Rubin–Shelah open coloring axiom,
proves its consistency, and derives some interesting consequences from it, most notably that all cardinals in Cichon’s
diagram are smaller than 2ℵ0 .
Miller and Steprans direct the forcing lens to the following problem: is covering a Polish space by meager sets
easier than covering a Polish group by translates of a single meager set? It turns out that this depends on the group:
the answer is that in some groups the two tasks are equivalent, while in others the latter is strictly more difficult.
Mildenberger, Shelah and Tsaban use oracle forcing to prove the consistency of the following statement: if ωω is
partitioned into max{b, g} pieces then at least one of the pieces is finitely dominating.
An application of cardinal arithmetic to general topology is found in the article by Juhasz and Szentmiklossy, who
employ infinite cardinal arithmetic assumptions to prove the consistency of a conjecture by Dow on discrete subsets
with large closures in countably tight compacta.
Singular cardinal arithmetic and singular cardinal combinatorics occupy six articles — nearly one half of the issue.
Gitik and Merimovich investigate possible behaviors of the power function, and prove the consistency, relative to
large cardinals, of the power function obeying GCH on one stationary set and violating it on another stationary set of
cardinals below an inaccessible cardinal.
Gorelic provides a new proof of the Milner–Sauer conjecture for posets with singular cofinality λ – in the case
λ<cfλ = λ – and Rinot proves the same from the weaker assumption that cf([λ]<cfλ,⊆) = λ, obtaining thus a
consistency strength for the Milner–Sauer conjecture that every poset P of singular cofinality λ has an antichain of
size cfλ.
Liu uses pcf calculus to prove two Silver-type theorems on Shelah’s pseudo-power operation.
Moore approaches the question of whether PFA implies the Singular Cardinals Hypothesis, and proves, by using
his MPR principle, that a consequence of PFA and the failure of the SCH at, say, ℵω, imply that every stationary
subset of {α < ℵω+1 : cfα = ω} reflects.
Shelah continues his sequence of ZFC results on Singular Cardinal Arithmetic, results that show that the universe
V of set theory is asymptotically much more similar to L than one would expect. He proves that for every regular
λ > ω, for all but finitely many exceptional regular θ < ω, many θ -subsets of λ can be predicted. As a bonus, this
new proof is adapted to provide a shorter and more transparent proof of his Generalized GCH theorem: for all λ ≥ ω
it holds for an end segment of κ < ω that λ[k] = λ — a proof with which the article opens.
Woodin devotes the longest article in this issue to the structure of non-ordinal cardinals below [ω1]<ω1 in the theory
ZF + DC + ADR. Using his Pmax technology he is able to prove that there are exactly 5 uncountable cardinals below
[ω1]ω — these are [ω1]ω on top, R × ω1 directly below it, R ∪ ω further down, and the incomparable R and ω1 at the
bottom. Then he considers parts of the map of cardinals below [ω1]<ω1 where some classification is obtainable, and
other parts where chaos rules.
This issue, like the workshop on which it is based, is dedicated to Professor Azriel Levy. A comprehensive and
beautifully written account by Aki Kanamori on Levy’s work in set theory concludes this issue.
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